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Abstract 

We prove the indecomposability of Galois representation restricted to the p-decomposition group 
' attached to a non CM nearly p-ordinary weight two Hilbert modular form under mild conditions. 

, The main purpose of this paper is to decide the indecomposabiUty of a Hilbert modular ordinary 

(-H ■ p-adic Galois representation restricted to the decomposition group at p, under the assumption that the 

representation is not of CM type. This question was originally posed by R.Greenberg. In the elliptic 
modular case, it was studied by Ghate and Vatsal and they gave an affirmative answer in under some 
conditions. In a recent preprint [2], joint with Balasubramanyam, they generalized their result to the 
Hilbert modular case under some restrictive conditions. Their method is to study the specialization of 
A-adic forms corresponding to weight one classical forms, and they use the density of such specializations 
■ to conclude for higher weight modular forms. 

I In contrast to [2| , our method is geometric and relies on the study of Galois representations attached 

• to weight two nearly p-ordinary Hilbert modular eigenforms. More precisely, let F be a totally real field 

I and / be a (parallel) weight two Hilbert modular form over F. For each integral ideal a of F, let T(a) be 

the Hecke operator for o, and assume that for all a, there exist c(a, /) G Q, such that T{a)f — c(o, /)/. 
\ We denote by Kf the field generated by all c(a, /)'s over Q, which is known to be a number field, 

psj ■ For any prime A of Kf over a rational prime p, let Kf ,\ be the completion of Kf at A. It is well known 

that there is a Galois represention pf : Gal(Q/F) — GL2{K f^\) attached to /. Moreover if the eigenform 
/ is nearly p-ordinary in the sense that c(p, /) is a unit mod A for all primes p of over p ( j34j or |18) 
Chapter 3), then up to equivalence the restriction of p/ to the decomposition group Dp of Gal(Q/F) at p 
is of the shape (see [34] Theorem 2 for the ordinary case and [16] Proposition 2.3 for the nearly ordinary 
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In this paper we need to put the following technical condition on / when the degree of F over Q is even: 
there exists a finite place w of such that tt^, is square integrable (i.e. special or supercuspidal) where 
TT/ ~ 'SiyT^v is the automorphic representation of G'i2(^A/) associated to /. Then the main result of this 
paper is: 

Theorem 1. /// does not have complex multiplication, then Pflop is indecomposable. 

We will state this theorem in a little more general way as Theorem [5] in Section 5 and give a proof 
there. Under our assumption on /, there exists a quaternion algebra B over F and a new form g on B such 
that if TTg = (8)„7fi, is the automorphic representation of i?^ — {B ®q A^)^ associated to g, then 7r„ = 7r„ 
for all finite places v oi F which splits in B. Then from [T3] Theorem 4.4, we can find an abelian variety 
Af/p and a homomorphism K'j: — >■ End°(Aj/j?) attached to g, where K'j: is a finite extension of the Hecke 
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field Kf whose degree equals to the dimension oi Af, such that the Galois representation pf comes from 
the p-adic Tate module of Hence the problem is purely geometric. The key ingredient in the proof is 
a recent result by Hida on local indecomposability of Tate modules on certain abelian varieties ([21]). We 
need more notations before we state his result. Let A/j, be an abelian variety over a number field k and 
L : Ol End(A/;;) be a homomorphism where Ol is the integer ring of a totally real field L whose degree 
over Q equals to the dimension of A/^. Assume further that there exists a prime *p of fc over a rational 
prime p unramified in k and L such that A/^ has good reduction at *p, and there exists a prime p of L 
over p such that the reduction Aqj of A at *p has nontrivial p-torsion points. Then Hida's result can be 
stated as follows: if the abelian variety A/j, does not have complex multiplication, then the Tate module 
Tp{A) is indecomposable as an /(p-module, here /qj is the inertia group of Gal(Q/fc) at *p. 

Hida's result has intimate relationship with the problem we want to work on. But we cannot apply 
his result directly to the study of Hilbert modular Galois representations mainly due to the following two 
reasons: 

1. The Hecke field Kf may be a CM field instead of a totally real field, and in this case the field K'^ 
cannot be totally real. In section 1 we give a careful study of the endomorphism algebras of abelian 
varieties of GL2-type, and prove that we can always replace K'j: by a totally real field with the same 
degree over Q. Later (in Section 5) we will prove that this change of fields does not affect our study 
of local indecomposability. 

2. In Hida's result, it is assumed that the rational prime p is unramified in the fields k and L. But in 
the Hilbert modular case, we have no control on the ramification of p in the Hecke field Kf and the 
rational prime p could ramify in the totally real field F. The assumption that p is unramified in L 
is to guarantee that the abelian variety sits in the Hilbert modular Shimura variety for GL2/L- In 
particular it is required that the Lie algebra Lie{A/Q^^^) is free of rank one over Ol(^i, C(q3) (C(<p) 
is the localization of Ok at the prime When p is ramified in L, this condition may fail on the 
special fiber of C(<p) . Thus we change the definition of p-integral models of Hilbert modular Shimura 
varieties by the one studied by Deligne and Pappas in 6 . We will recall the notion of abelian variety 
with real multiplication we want to work with in section 2, and give the precise definition of the 
Hilbert modular Shimura variety in section 3. We also prove that under these definitions, the abelian 
variety Af /p gives rise to a point in the Shimura variety. The assumption that p is unramified in 
the field k is only used in Hida's construction of eigen-coordinates (see [21] section 4). We prove in 
section 4 that his construction works well even if p is ramified in the field k. 

We prove the main result in Section 5, and we give an A-adic version of our result by applying an argument 
in pTj .which generalizes the result of [2] unconditionally when the degree [F : Q] is odd and when the 
degree [F : Q] is even, we need to assume that at some finite place v of F, the representation 7r„ is square 
integrable (see the explanation above Theorem [1]). At the end we explain how our result can be applied 
to study a problem of Coleman. 

Acknowledgement: I would like to express my sincere gratitude to my advisor Professor Hida Haruzo 
for his patient guidance as well as constant support. Without his careful explanation of his work ^21j , I 
cannot get the approach to the work in this paper. I would also like to thank Ashay Burungale for many 
helpful discussions on this topic. 

Notations: Throughout this paper, we use F to denote a totally real field with degree d over Q and 
use Op to denote its integer ring. Let V = "Dp/q be the different of F/Q and dp = Normp/q{'D) be its 
discriminant. For any prime p of Op, let Op (resp. Fp) be the completion of Op (resp. F) with respect 
to p. 

Fix an algebraic closure Q of Q. For each rational prime p, we fix an algebraic closure Qp of Qp and 
an embedding ip : Q ^ Qp. We also fix an algebraic closure Fp of the prime field Fp. Let Wp — W{¥p) be 
the ring of Witt vectors of Fp, and Kp be its quotient field. Then Kp can be identified with the maximal 
unramified extension in Qp/Qp. 
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We will recall the other necessary notations at the beginning of each section. 

Contents 

1 Abelian Varieties of GL(2)-type 

2 Abelian varieties with real multiplication 

3 Hilbert modular Shimura variety 

4 Eigen coordinates 

5 Main result on local indecomposability and applications 

5.1 Application to Hilbert modular Galois represenations 

5.2 Application to a problem of Coleman 

1 Abelian Varieties of GL(2)-type 

Let £' be a number field with degree d over Q, and be an abelian variety of dimension d. Set 
End*'(y4yQ) = End(A^Q) Q, which is a finite dimensional semisimple algebra over Q. Suppose that we 
have an algebra homomorphism E End'^(A ^q), which identifies E with a subfield of End°(yl ^q). Recall 
that the abelian variety has complex multiplication if End'^(A^Q) contains a commutative semisimple 
subalgebra of dimension 2c? over Q. Then from [SU] Section 5.3.1, we have the following two results: 

Proposition 1.1. If A^^ does not have complex multiplication, then A^-^ is isotypic (i.e. there exists a 
simple abelian variety B^-^ such that A^^ is isogeneous to {B ^-^^ for some e > 1), andEnd%{A^^)^ E. 

Proposition 1.2. Under the conditions of Provosition ll.ll if we assume further that A^-^ is simple, then 
one of the following four possibilities holds for D = End'^ (^/q) •' 

1. E is a quadratic extension of a totally real field Z and D is a totally indefinite division quaternion 
algebra over Z ; 

2. E is a quadratic extension of a totally real field Z and D is a totally definite division quaternion 
algebra over Z; 

3. E is a quadratic extension of a CM field Z and D is a division quaternion algebra over Z ; 

4. E = D and E is totally real. 

Remark 1.3. 1. A quaternion algebra D over a totally real field Z is called totally indefinite if for any 
real embedding t : Z — > M, the R-algebra D ®z,t K is isomorphic to the matrix algebra M2(M); the 
quaternion algebra D /z is called totally definite if for any real embedding r : Z — > M, the M-algebra 
D ®z,T R is isomorphic to the Hamilton quaternion algebra H. 

2. From ProDOsition ll.il we see that End"(A^Q) is always a central simple algebra and i? is a maximal 
commutative subfield of End°(A^Q); 

3. As remarked in [20], case 2 in Proposition 1.2 cannot happen by [31], Theorem 5(a) and Proposition 
15. 
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Proposition 1.4. Under the notations and assumptions in Proposition assume further that there 
exists a totally real field k such that the ahelian variety A ^ is defined over k, and the homomorphism 
E End°(A/Q) factors through End°(A/fc). Th en we can find a totally real field F with degree d over Q, 
which can he embedded into D = End°(A^Q) as a subalgebra sharing the identity with D. 

Proof. By Propositon 11.11 we can find a simple abelian variety B^q and an integer e such that is 
isogeneous to (B^q)^. Hence we have an isomorphism of simple algebras End°( Ay q) = Me(End°(i?yQ)),and 
d = e ■ di, where di is the dimension of B^q. Since any maximal commutative subfield of FindP{A^-^) 
has degree d over Q, any maximal commutative subfield of Di — End°(i?yQ) should have dimension 
d/e = di. In other words, we can find number field Ei of degree di over Q, which can be embedded 
into End°(B/Q) as a subalgebra. Since ^4^^ does not have complex multiplication, neither does -B/q- In 
summary, B^q satisfies all the assumptions in Proposition 11.21 Assume that Eiid'^(B^-^) is of type 3 as in 
Proposition HH i.e. End°(B/Q) is a division quaternion algebra over a CM field Z and [Ei : Z] =2. Since 
di = [El : Q] ^ 2[Z : Q], the degree s of Z over Q equals to ^. Since Z is a CM field, we can find s' = f 
different embeddings : Z — >■ Q, i = 1, s', such that IIomQ(Z, Q) = {ri, Ts', fi, fg/}, where fi is 
the complex conjugation of for i = 1, s'. Then we have an isomorphism 

Ti,i—l,....s' 

Let TTi be the composition 

-Di -Di ®Q K A Yl A/2(C) ^ A'hiC), 

TiA—l,...,S' 

where the map tt^ is the i-th projection, for i — l,...,s'. Let 7fi be the complex conjugation of tt^. Then 
{tti, TTs', Tfi, 7fs'} are all the absolutely irreducible (complex) representations of Di (up to isomor- 
phism). 

On the other hand, we have a representation of Di by pi : Di ^ Endc(Lie(_B) ®qC). Let (resp. Si) 
be the multiplicity of tt^ (resp tt^) in pi. Then for any z Cz Z, the trace of pi{z) is given by the formula: 

s' 

Tr(/9i(z)) = 2^{riTi{z) + Sifi{z)). 

i=l 

Since Lie{A/Q) = (Lic(_B/Q))'^, we have the representation p : D ^ Endc(Lie(A) ®q C), such that for any 

zez, 

s' 

Tr(p(z)) =eTr(pi(z)) = 2e^(r,r,(z) + s,f,(z)). 

i=l 

Since Z C E and the homomorphism E — >• End''(>lyQ) factors through End°(A/^.), we have Tv{p[z)) £ fc, 
for any z ^ Z. From [M] Section 4, we have ri + Si = 2, for all i = 1, ...,s'. Thus for each i, either 
ri = Si — 1 or ri ■ Si = 0. If • Si = for at least one i, then Tr(p(z)) cannot lie in the totally real field 
k for all z g Z as Z is assumed to be a CM field. Hence ri = Si — 1 for all i. Then by [JT] Theorem 5(e) 
and Proposition 19, this case cannot happen. 

Combined with Remark [L3K 3), we see that End''(i3 ^q) is either a totally real field or a totally indefinite 
division algebra over a totally real field. Then the existence of F results from: 

Lemma 1.5. Let D be a central simple algebra over a totally real field Z with [D : Z] = d"^ . If for all 
real embeddings r : 2' — ^ K, the R-algebra D ®z.t R is isomorphic to the matrix algebra M^iR), then we 
can find a field extension F/Z with degree d such that F is totally real and can be embedded into D as an 
Z-subalgebra. 
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Proof of the lemma: We use an argument similar with the proof of Lemma 1.3.8 in It is enough to 
find a field extension F jZ with degree d such that F is totally real and splits _D(i.e D ®z F = Md{Fj). 

Let S be a non empty set of non-archimedean places of Z containing all the finite places where D does 
not split, and Sqo be the set of archimedean places of Z. By the weak approximation theorem, the natural 
map: 

has dense image. Hence we can find a monic polynomial f{X) e Z[X] of degree d, such that it is sufficiently 
close to a monic irreducible polynomial of degree d over Zy for all w G S, and it is sufficiently close to a 
totally split polynomial of degree d over R for all v G Sqo- Set F — Z[X]/{f{X)). Then F/Z is a degree 
d field extension such that F is totally real and for any u e S, there is exactly one place w oi F lying over 
V and hence F^/Z^ is a degree d extension of local fields. 

We still need to check that F splits D. Since D ®z is a central simple algebra over F and F is a 
global field, it is enough to prove that for any place w oi F (archimedean and non-archimedean), we have 
an isomorphism D ®z F^ — Md{Fw)- Let v be the place of Z over which w lies. 

If w is archimedean, then Z^ = Fw = M, and hence 

D(g)zF^^ [D (E)z Zy) ®z„ Fy, ^ Afd(M), (L6) 

by our assumption on D. 

If w is non-archimedean and v is not in E,then D ®z Zy is already isomorphic to the matrix algebra 
over Zy, so we are safe in this case. 

Finally, assume that w is non-archimedean and w e E. As Fy,/Zy is a degree d extension of local field, 
the base change from Zy to F^ induces a homomorphism of Brauer groups Br(Zi,) — Br(_F'm), which under 
the isomorphism Br(Zt,) = Br(F„,) = Q/Z by local class field theory, is nothing but multiplication by d. 
As [D : Z] = d^, the order oi D (E) z Zy in Br(Z'„) is divisible by d. This implies that D ®z Fy, represents 
the identity element in Br(Fu,); i.e.D ®z Fyj = Md{Fy,). Hence F/Z is the desired extension. 

□ 

Hereafter we always work with the pair {A ^q, l : F ^ End*' (A /q)), where F is a totally real field with 
degree d over Q. Since the abelian variety A is projective, we can find a number field k such that A is 
defined over k, and End(A^Q)) = End(A/fc). Let Ok be the integer ring of fc, and for all prime ideals *P 
of Ok over some rational prime p, let 0((p) be localization of Ok at the prime *P and Fqj — Ok/^ be its 
residue field. As in [21], we make the following assumption: 

(NLL) the abelian variety A/k has good reduction at *P and the reduction Ao = yl(X)c),j,Frp has nontrivial 
p-torsion Fp-points. 

Change the abelian variety A/k if necessary, we can assume that l gives a homomorphism l : Op ^ 
End(j4/j,). Let Fp be an algebraic closure of Fqj. Wp = VF(Fp) is the ring of Witt vectors of Fp. We have 
the decomposition of Barsotti-Tate 0_F-niodules: 

pIp 

Here p ranges over the primes ideals oi Op over p and for each p , let 

Ao[p°°] -lhn^o[p"] 
be the p-divisible Barsotti-Tate group of Aq. We also define 

Tp(Ao) = limAo[p"](Fp) 

as the p-divisible Tate module of Aq. 
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We say that a prime p of Of over p is ordinary if Ao[p] has nontrivial Fp-points, otherwise we say that 
p is local-local. When p is ordinary and p is unramified in fc, we have an exact sequence of Barsotti-Tate 
Op-modules over Wp-. 

^ ^ip^ o; ^ A[p^],w, ^ Fjo, ^ 0. 

Here O; = Homz^(Op,Zp) is the Zp-dual of Op. 

Let Ep'"'' be the set of all ordinary primes of Oi^ over p, and be the set of all local- local primes. 
Then the condition (NLL) is equivalent to the fact that S"'"'^ is not empty. Also we define: 

A^[p--]ord^ Ao[p°°],ylob°°]" = Ao[p°°]. 

2 Abelian varieties with real multiplication 

In this section we introduce the notion of abelian varieties with real multiplication (AVRM for short). 
Then we prove that by a change via an isogeny, we can make the abelian variety A/i^ considered in the 
previous section into an abelian variety of this type. 

Fix an invertible Oi?-module L, with a notion of positivity on it: for each real embedding r : _F — > M, 
we give an orientation on the line L ®Of,t First we recall the following definition in [B]: 

Definition 2.1. An L-polarized abelian scheme with real multiplication by Op is the triple {A/g,L,ip) 
consisting of 

1. A/s is an abelian scheme of relative dimension d; 

2. t : Op Enc^A/g) is an algebra homomorphism which gives A/g an Op-module structure; 

3. (fi : L ^ Hom^^™(v4/5, A*^) is an Op -linear morphism of sheaves of Op -modules on the etale 
site {Sch/g)et of the category of S -schemes, such that (p sends totally positive elements of L into 
polarizations of A/g, and the natural morphism a : AiS)apL — >■ A* is an isomorphism. Here A*" is the 
dual abelian scheme of A, and L_ is the constant sheaf valued in L, and the sheaf Hom^^J" ( A/g , A* ^ ) 
is defined by : 

(Sch/s)et 3 T H- !■ Homo'^rplAT^j, , A^^^) = {A : Ap^j. — ^ A^^^jA is Op-linear and symmetric} 

When L = c is a fractional ideal of Op with the natural notion of positivity, we call the isomorphism 
a : Ai^Of c — a* a c-polarization of A (see '25jl.O for more discussion). We also make the convention 
that for c € c, the morphism A(c) : A — >■ A* is the corresponding symmetric Op-linear homomorphism. 

Remark 2.2. The fppf abelian sheaf A ^Oj^ L is the sheafication of the functor 

(5c/i/s)fppf 9 T A{T) L. 

This sheaf is represented by an abelian scheme over S, which is denoted by A ®Of ^- Hence the 
isomorphism a in (3) can be regarded as an isomorphism of abelian schemes over S. 

Definition 2.3. Let A/g be an abelian scheme over a scheme S of relative dimension d, and l : Op ^ 
Find{A/g) be an algebra homomorphism. We say that the pair {A/g,L) satisfies the condition (DP) if the 
natural morphism a : A(>^c>f Hom^^'"(A/5, yl*g) A* is an isomorphism. We say that the pair {A/g,t) 
satisfies the condition (RA) if Zariski locally on S , hie{A/s) is a free Os ®z Op-module of rank 1. 



6 



We remark here that the two conditions (DP) and (RA) in Definition 12.31 can be checked at each 
geometric point of the base scheme S. When the pair {A/g,L) satisfies the condition (RA), we come to 
the notion of abelian schemes with real multiplication (by Op) defined in 28 . As explained in ,6 2.9, 
when dp is invertible on S, condition (DP) in Definition 12.31 implies (RA). For later use, we explain that 
condition (RA) implies (DP) under some assumption on S and by a suitable choice of the pair {L,L^), 
we can make A/s be an L-polarized abelian scheme with real multiplication by Op ■ First we need the 
following: 

Proposition 2.4. ( \28}/ 1.17. 1.18) Let A/g he an abelian scheme of relative dimension d,and l : Op — > 
End(A/5) be an algebra homomorphism. Then the etale sheaf Hom^"^ {A / g , A*^ g) defined above is locally 
constant with values in a projective Op-module of rank 1, endowed with a notion of positivity corresponding 
to polarizations of A/g. In particular, when S is normal and connected, this sheaf is constant. 

Here we remark that in [28 , the abelian scheme A/g is assumed to satisfy condition (RA). But this 
condition is not necessary in the proof of the above proposition. 

Now assume that S is normal and connected (e.g. S is the spectrum of the integer ring of a number 
field). Then from Proposition 12.41 we can find a projective Op-module M. of rank 1 with a notion of 
positivity Ai+ and a morphism ip : Ai Hom^^™(A/5, A*^). To check this tp satisfies condition (3) in 
Definition 12.11 we still need to check that the morphism a : A A1 ~^ is an isomorphism. 

We can assume that S = Spec(/e), where k is an separably closed field and we want to prove that a is 
an isomorphism of abelian varieties over k. Then it suffices to show that for any rational prime /, there 
exists 7^ A € such that deg((^(A)) is prime to I. In fact, for any a S we have a natural morphism 
A^ A ®Of whose effect on _R- valued points is given by the formula {R is an fc-algebra): 

A{R) 3 a ®Of ^ ^ MR) ®Of 

The composition of this morphism with a is <p(A). Hence deg(a)| deg((/3(A)). In particular, deg(a) is prime 
to I. As / is arbitrary, deg(a) = 1 and hence a is an isomorphism. 

To prove the existence of A, we apply an argument in [12] Chapter 3 Section 5: when char{k) > 0, 
by |28|1.13. we can always lift the pair (A/j,, t) to an abelian scheme with real multiplication {A/\Y(k)j 
satisfying (RA). Here W{k) is the ring of Witt vectors of k. Hence we can assume that char{k) = 0. By 
Lefschetz principle, we can assume that k is the complex filed. Then the existence of A follows from the 
complex uniformization [T^ Chapter 2 Section 2.2. 

The following proposition tells us that when S" is a scheme of characteristic 0, condition (RA) and 
hence (DP) is automatically satisfied. 

Proposition 2.5. Let k be a field of characteristic 0, A/^ be an abelian variety of dimension d, and 
L : Op — > End(y4./j.) be an algebra homomorphism. Then Lic(A/j,) is a free Op ®z k-module of rank 1. 

Proof. By Lefschetz principle we can again work over the complex field. Then the result follows from |12) 
Chapter 2, Corollary 2.6. □ 

Now we consider the object considered in Section 1. Let fc be a number field, A/i^ be an abelian variety 
of dimension d satisfying the condition (NLL), and i : F ^ End°(A/fe) be an algebra homomorphism. We 
want to prove that there is a c-polarized abelian variety A'^^^ with real multiplication by Oi? which is 
isogenous to A/^. 

We can find an order O in _F which is mapped into End(^) under l. By Serre's Tensor construction 
([3]l-7.4.), we can find an isogeny f : A ^ A' over fc, and the induced isomorphism End°(^/fe) — 
'End'^ {A'^iJ carries Of C End°(j4/j,) into End(j4^^,). Hence we have an algebra homomorphism l' : Op 
End(yl'^j,). By our assumption, A/^ has good reduction at the prime *P of Ok. By the criterion of Neron- 
Ogg-Shafarevich (^ Section 1 Corollary 1), A'^j, also has good reduction at Cp, and hence can be extended 
to an abelian scheme A',^ (recall that C(fp) is the localization of Ok at the prime Since C(<p) is a 
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normal domain, by a lemma of Faltings (see [5] Lemma 1), the restriction to the generic fiber induces a 
bijection 

End(A'/e,,,^^)^End(A'/,). 

So we have an algebra homomorphism Op El^'i(^/c'(.p) )' '^hich is again denoted by l' . 

From Proposition 12.41 the etale sheaf llom^^"'{A'^^^^^,A'^^^^^) is a constant sheaf c for some frac- 
tional ideal c, with the natural notion of positivity c+. Thus we have a natural isomorphism (f '■ c 
Rom^^{A'^^^^^,A'^^^_^^) which sends totally positive elements of c to polarizations of A'^^^_^^. We stiU 

need to check that the natural morphism a : A' 0Of£ ~^ isomorphism over C(<p). As char{k) = 0, 

by Proposition [231 ci is an isomorphism at the generic fiber of C(<p)- Hence a is an isomorphism again by 
Faltings lemma. 

In summary, we have: 

Proposition 2.6. Let A/^ be an abelian variety of dimension d satisfying the condition (NLL) in Section 
I, and t : _F — >■ End''(A/j.) be an algebra homomorphism. Then we can find a fractional ideal c and an 
c-polarized abelian scheme [A'^q ^ I'-'iV') with real multiplication by Op such that A/]^ is k-isogenous to 

/k 

Remark 2.7. Let A/g be an abelian scheme of relative dimension d and l : Op — ^ End(^/5) be an algebra 
homomorphism. By a similar argument as above, we see that if S is an integral normal scheme and the 
generic fiber of S is of characteristic 0, then the pair (A/5, i) must satisfy the condition (DP). 

For later discussion, we need the following: 

Lemma 2.8. Let A/s^A'^^ be two abelian schemes of relative dimension d, and i : Op Eiid(A/5),t' : 
Op — >■ End(A'^g) be two algebra homomorphisms. Suppose that there exists an Op-linear Stale homomor- 
phism of abelian schemes f : A ^ A' . If the pair {A/g, l) satisfies the condition (DP), so does {A'/^, l'). 

Proof. Without loss of generality, we can assume that S — Spec(fc) for some separably closed field k. 
If char(k) = 0, then {A'^^^l') satisfies (DP) automatically by Proposition 12.51 So we can assume that 
char(k) = p> Q. From the discussion of [I2j Page 100—101, the pair (A/^., l) can be lifted to characteristic 
0; i.e., there exist: 

1. a normal local domain W with maximal ideal m and residue field k such that the quotient field of 
W is of characteristic 0; 

2. an abelian scheme A/w with an Oj^-action Z : Op End(A/i4/) such that (A/j., t) is isomorphic the 
the pull back of {A/w, 1) under the natural morphism Spec(fc) Spec(W^). 

Replacing W by its m-adic completion if necessary, we can assume that W is complete. 

Since f : A ^ A' is etale and O^-linear, C = ker{f) is a finite etale OF-submodule of A/i^. Then we 
can lift C to an etale Op'-submodule C/w of A/^y. Let A'^^^, be the quotient of A/w by C/w^ with the 
natural homomorphism V : Op ^ End(A'^^y) induced from A/w By the above construction it is easy to 
see that {A'/^,V) lifts {A'/^.,l'). Then from Remark [2Jl (A'/^,i') satisfies (DP). □ 

3 Hilbert modular Shimura variety 

Fix a finite set of primes S. Set 

in 

Zp) = {— e Q|to,7i e Z, {n,p) = i,Vpe S}. 

n 

Then define ©(h) = Op ®z ^(h), and Cp) ^ as the set of totally positive units in ©(h). Also we define: 
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Z = ^Z/nZ, Z(") = ^Z/nZ, Zh = J| Z/, 

where in the first inverse limit, n ranges over all positive numbers, and in the second inverse limit, n ranges 
over all positive integers prime to S. Let A be the adele ring of Q. Then set 

^(Hoo) = {3, ^i^.^ ^ = 0,V/ e S}, 

and Fa(hoo) = F(g)Q A("°°). 

Define the algebraic group G — Resc)^/z(G'L(2)) and let Z be its center. K is an open compact 

subgroup of G(Z) which is maximal at S, in the sense that K = G(Zh) X is:(-), where 

X*"^ = {x e i\:|a;p = 1 for all p e S}. 

Definition 3.1. Define the functor E'^'' : Sch/i^_^ — > S'eis, smc/i that for each ^^(^yscheme S , £'^' {S) = 
[(A/5, A,?7*-"')]. _ffere [(A/g, t. A, is i/ie set of isomorphism classes of quadruples {A/g, L,\,fj^^^) 

consisting of: 

1. an abelian scheme A/g of relative dimension d; 

2. an algebra homomorphism l : Op — > End(j4/5) such that the pair [Ajg^i) satisfies the condition 
(DP) (see Definition\EM; 

3. a subset {A o t(fe) : b e ^(~) +} '^f Hom(A/5, yl*^) (g)^ Q, where A : A/g — > is an Op-Hnear 
polarization of A, whose degree is prime to S; 

4- ?7*-"' is a K-rational level structure of the abelian scheme A/g (see Remark \3.S\ below). 

An isomorphism from one quadruple {A/ g, L,\,fj^"^) to another (A'^g, t' ,X' ,fj'^"'>) is an element f £ 
}lom(A / g , A'^ g) •Siz'^CE) whose degree is prime to S such that: 

1. fo L{b) = L'{b) o / for all b e Of; 

2- /* o A' o / = A as subsets ofllom{A/g,A*^g) ®i Q; 

3. we have the equality of level stuctures: V^^\f ){fj^^^) = fj'^^'> . 

Now we choose a representative / — {c} of fractional ideals in the finite class group Cl{K) = 
(Fa(eoo))^/0(''^) ^det(i4:). For each c, fix an ©F-lattice L,<ZV ^ F"^ such that h{L, A L,) = c*. Here 
/\ : V /\V ^ F \s the alternating form given by ((01,02), (61,62)) ^ 1162 — 0261. 

Definition 3.2. Define the functor E^',. : Sch^j^^^^ — > Sets, such that for each 'L(^y scheme S , £^'1.(5') = 
{(A/5, t, (j), dS"^)'\ jai, where {(A/^, t, 0, a'"))} /g^ is the set of isomorphic classes of quadruples (A/5, t, </>, a'"^) 
consisting of 

1. an abelian scheme Ajg of relative dimension d; 

2. an algebra homomorphism l : Op ^ End(A/5); 

3. a c-polarization (p : A®Op c — > A* of A/g (see Definition \2. 1]) : 

4- a^"'' is a K-integral level structure of the abelian scheme A/5 (see Remark \3.3\ below). 

An isomorphism from one quadruple (A/5, t, </), a*-"^) to another (A/^, t', 0', a'*^"^) is an isomorphism f : 
A ^ A' of abelian schemes over S such that 
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1. fo L{b) = L'{b) o / for all b e Of; 

2. /* o 0' o (/ Id,) = (/. : A c A*; 

3. we have an equality of integral level structures: r'")(/)(a'-"'') — a'^^\ 

Remark 3.3. Here we briefly recall the notion of level structures on an abelian scheme with real multiplica- 
tion. As in Definition 13 . 1 1 and 13 . 2 [ we fix an abelian scheme A/g and a homomorphism l : Op — > End(A/5). 
Take a point s € S and let s : Spec(A;(s)) — >■ S* be a geometric point of S over s, where k{s) is a separably 
closed field extension of the residue field fc(s) of S at the point s. Consider the prime-to-S Tate module 

T~{A,) = hm A[N]{k{s)), 

< N 

where N runs through all positive integers prime to S, and set V"{As) = T"{Ag) ®% Zh, which is a 
free F^(hcxi) -module of rank 2. When iV is invertible on 5, the finite scheme A\N\ is etale over S. The 
algebraic fundamental group 71(5,5) acts on A\N\(k(t))^ and hence on T"(Aj) and V^{As). This action 
is compatible with the action of G{lS^^) (resp. G(F^(e=o'))) on T^{As) ( resp. V"{As)). 

We define a sheaf of sets ILV^^^ : {Sch/s)et — >• Sets on the etale site of the category of S'-schemes 
such that for any connected ^-scheme S' , we have: 

ILV'^~\S') = H%7r{S',s'), IsoiRoAL. <»o^ Z'^~\T~{A,,))), 

where s' is a geometric point of S' over a point s' of S'. The etale sheaf ILV'^^'^ is independent of the 
choice of s' (see |T7] Section 6.4.1). The group G{7S"^) acts on the sheaf ILV'^^^ through its action on the 
Tate module T"{A-gi)^ and we denote by ILV'^^^ /K the quotient sheaf of ILV^^^ under the group action of 
K^^\ An ivT-integral level structure of A/5 is a section a*^"' G I LV'^^^ / K {S) . Similarly we define another 
sheaf RLV'^"'^ : {Sch/s)^t ~^ Sets such that for any connected S'-scheme S", we have: 

RLV(~\S') = H"{tt{S', s'), Isomo, {V (^z A(-°°), F-(A,0)), 

and define the quotient sheaf RLV^^^ / K in the same way. Then a 7^-rational level structure oi A/s is a 
section ^(-) e RLV^-'> / K (S) . 

Suppose that we have another abelian scheme A'^g and a homomorphism l' : Op — >■ End(Ay^). We can 

similarly define two etale sheaves ILV'^^'' and RLV''^"'^ replacing A/5 by A'^g in the above construction. If 
/ : A — > yl' is an Oi^-linear isomorphism of abelian schemes, the isomorphism / induces an isomorphism of 
Tate modules T^"^ {Ag) ^ T^") {A'g) for any geometric point s of S. Hence / induces an isomorphism of etale 
sheaves T'-^^f) : ILV^^^ — ?► ILV'^^^ which is compatible with the G(Z("^)-action. Thus / also induces 
an isomorphism T^-\f) : ILV^-'^/K ILV'^^'^/K for all subgroup K of G{%. For any if-integral 
level structure a^-^ e ILV'-"^ /K{S), we use r(") (/)(«(-)) to denote its image under the isomorphism 
T(=)(/). Similarly ii f : A ^ A' is an Oi?-linear prime-to-S isogeny of abelian schemes, then / induces an 
isomorphism V^^"^ (Ag) ^ V^*-"-* (A'g) and hence isomorphisms of etale sheaves F^"^ (/) : RLV'^^'^ — RLV''^"'^ 
and V^-\f) : RLV^-'>/K RLV'^-yK. For any if-rational level structure G RLV^-'> /K{S), we 
use 

V'-"Hf){v'-"^) to denote its image under the isomorphism V^*-"-'(/). We refer to [I8| Section 4.3.1 for 
more discussion on this topic. 

Theorem 2. When K is small enough (e.g. det(iir(")) n O^ C (K^^^ n Z(Z))^J, then we have a natural 
isomorphism of functors: 

CG/ 

The proof is essentially given in [17] Section 4.2.1 so we omit the proof here. The only thing we want to 
remark here is that for any quadruple (A/5, t, A,?]^"-*) considered in Definition 13. 1[ we can find an abelian 
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scheme A'^g with real multiphcation /,',and an ©F-Hnear prime-to-S isogeny f : A ^ A' oi abehan schemes 
over S such that A'^g admits an integral level structure. Since 5 is a Z(2)-scheme, the isogeny / is etale. 
From Lemma the pair {A'jg, t') also satisfies the condition (DP). Then we can follow the argument in 
[T7| Section 4.2.1 to conclude this theorem. 

From Theorem [21 when K is small enough, the functor £-^^\ is representable. By Theorem [21 we can 
assume that the functor £'^'' is represented by a Zj^j-scheme Sh^j^\ From [B] Theorem 2.2, the scheme 
Sh^^^ is flat of complete intersection over Z(5;),and smooth over 

Now we take the projective limit of Sh'^^^ for various K, and get a Z(5;-) -scheme Sh^"\ It is clear 
that Sh^^^^_^ represents the moduli problem £'*'"•' : Sch/i^_^ — > Set, such that for each Z(s)-scheme 

S, E'^j^\s) — [(yl/5, i. A, r/("')]. where [(^/5, t, A, 77'"')] is the set of isomorphism classes of quadruples 
(A/s, i. A, 77^"^) considered in Definition 13.11 except that 77*^") G RLA'-^^S) is a rational level structure 
instead of a _?C-rational level structure for some open compact subgroup K. An isomorphism from one 
quadruple (A/5, t. A, 7/'"') to another {A'^g, l' ,X' ,7]''-^^) is an element / G Hom(A/5, A'^g) (g)^ Z(2) whose 

degree is prime to S such that it satisfies the first two conditions in Definition l3.1l and also V^^\f ){r]^"'>) = 
instead of that last condition there. 
For any g € G{Fj^(Boa-)), the map sending each quadruple (A/g, t. A, 77'^"^) to another quadruple 

(A/5, i. A, g(?7^"-')) induces an automorphism of the functor £''■"'', and hence an automorphism of the 

Shimura variety S'/i^'^|_^ by universality. We still denote this action by g. 

For simplicity we denote the Shimuar variety Sh^^^^_^ by ^/Z(=) in the following discussion. Pick a closed 
point Xp E X{¥p). Let K he a neat subgroup of G(F^(hoo)). Then the natural morphism X — > Xk ~ X/K 
is etale. Let Ox,xp and Oxk,Xp be the stalk of X and Xk at Xp, respectively. The completion of Ox,xp 
is canonically isomorphic to the completion of OxK,xp, and we denote this completion by Ox^- Suppose 
that Xp is represented by a quadruple (Ap/f^, ig, '/'o> <So '■"■') G ^^k\(^p)- 

Let CL/Y/^ be the category of complete local W^p-algebras with residue field Fp. Consider the local 
deformation functor Dp : CL /w^, — > Set, given by 

Dp{R) = {{A/ji,LR,(l)R)\{A/ji,LR,(l)R) xr¥p = (Ao/F^,io>o 

here the triple {A^ji, lh, (jjf;) consists of an abelian A schemes over R, an algebra homomorphism if; : 
Of End(A/7j) and a c-polarization (j)fj of A/n. An isomorphism from a triple (A//j, lj^, (jjji) to another 
(v4^^, l'j^, (p'p) is an isomorphism / : A — ?> A' of abelian schemes over R such that 

1. for all a e Of, we have / o Lji(a) — t'^jia) o f : A ^ A'; 
2- f°^R°if(^ Id,) ^(f>R:A (g,o^ c ^ AK 
Define a functor DEFp : CL/y/^ Set by the formula: 

DEFp{R) = {{D/R,KR,eR)}/^, 

where D/r is a. Barsotti-Tate CF-module over R, A/j : D ®Of c — ?► D* is an O^-linear isomorphism of 
Barsotti-Tate Oi?-modules over R (D* is the Cartier dual of D), and £r : Dg = D (S)r Fp Ao[p°°] is an 
isomorphism of Barsotti-Tate O^-modules over the special fiber Spec(Fp) of Spec(i?). 

For any triple {A/r, LR,(j)R) in Dp(R), let yl[p°°]/fl. be its p-divisible Barsotti-Tate CiJ-module over 
R. The c-polarization (f)R of Ajr gives an isomorphism Kr : A[p°^] ®Of c — A*[p°°] = (yl[p°°])*. The 
isomorphism {A/r, lr, (j)R) Fp ^ (Aq/|.^, io, M gives an isomorphism er : A[p°°] (»r Fp Ao[p°°]. By 
the Serre-Tate deformation theory ([23] Theorem 1.2.1), we have: 

Proposition 3.4. The above association [A/r, L.R,(j)R) i— > {A[p°°]/R,AR,eR) induces an equivalence of 
functors Dp — > DEFp. 



11 



We define two more functors DEF^ : CL/y/^ — >• Set.l = ord, II, by: 

DEFl{R)^{{D',cj,\e'')}/^, 

here in the triple {D- ,(/)■ ,£■), D- is a Barsotti-Tate O^-module over IS an 

isomorphism of Barsotti-Tate Oi^-modules over R, and e :D- (S)r ¥p — >■ Ao[p°°] ' is an isomorphism over 
Fp. 

Similar with [21] Proposition 1.2, we have the following facts: 

1. the functor DEFp is represented by the formal scheme Sp/Wp associated to Ox^; 

2. there is a natural equivalence of functors: DEFp = DEF"^'^ x DEFp , and hence the formal Sp/Wp 
is a product of two formal schemes S°^^^ and S"^^, such that DEFp is represented by S^^yy for 
? = ord, II; 

3. For each p e S^'^'', fix an isomorphism Op = rp(^o) (recall that Tp(Ao) is the p-adic Tate module of 
Aq defined in Section 1). Since c is prime to p, by the c-polarization 00, we also have an isomorphism 
Op Tp{Aq). Then S°^^^ is a smooth formal scheme over Wp which is isomorphic to 

H Hom(Tp(v4o)®o, Tp(4),G„0= H Hom(Op,G„0= J] ^rr^^z^O;, 
pg5]ord pe^o'-ii pes°'''' 

here O* = Homz^ (Op, Zp)- 

In fact, for any triple (^/i?,, t_R, (j^R) in Dp{R), the level structure oq^"^ on Aq can be extended uniquely 
to a level structure on A/j^. Then the functor Dp, and hence the functor DEFp by Proposition 13.41 is 

represented by the the formal scheme Sp/Wp = Spf(Oxp)- 

For a triple {D ^ji, Aii,en) S DEFp{R), we have a canonical decomposition the Barsotti-Tate Op- 
module D = D"^'^ x I?", where D"^"^ is the maximal ordinary Barsotti-Tate Oii^-submodule of D, and 
is its local- local complement. From this we have a morphism 

DEFpiR) 3 {D,R,KR,eR) ^ {(i?;^^ Aflbo,-.,^^^^..), (i?)'^, Afl|c",eflbn)} e DEF;-\R)y.DEFl\R), 

from which we get a equivalence of functors between DEFp and DEF°^'^ x DEFp. Hence the formal 
scheme Sp/Wp is a product of two formal schemes -S"/^^ x S'-^^^^ . 

In contrast with [21] Proposition 1.2, the formal scheme Sp/y/^ may not be smooth when p divides 

the discriminant dp of F since the Shimura variety Sh^Fj we consider here is not smooth. But from the 

_ /2(p) 

Serre-Tate deformation theory, the formal scheme S'°/5^ is always smooth, and this is the part we are 
interested in. 

4 Eigen coordinates 

Let A: C Q be a number field and S be a finite set of primes. For each p G S, choose a finite extension Kp 
of Kp in Qp such that: 

1. kCi-^{Kp); 

2. ip^{Kp) contains the Galois closure of F in Q. 
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Denote by Wp the integer ring of Kp. Then define: 

Wh = fl ip\Wp) C Q, Wfe = Wh n k. 

The ring Wb. is a semilocal ring, and for each S, there is a unique maximal ideal m; with residue 
characteristic /. Let JCs be the quotient field of Wh. 

Suppose that the quadruple (j4yyy_ , A, t]'-"'*) represents a point x € Sh'^^^'Ws) such that the image 

of X lies in Sh'-"^{'Wk)- For eachp & E, x induces an Fp-valued point Xp e Sh'-^^Wp). Then the quadruple 
the quadruple (^qj/fp, '-<p, Aqj, obtained by mod p reduction represents the point Xp. 
By 121] Lemma 2.2, we have 

Lemma 4.1. // Aqjyj^ is noi supersingular (i.e. E"'"'' 7^ 0j, then there exists a CM quadratic extension 
M of F, and an isomorphism of F -algebras 6<j^ : M = End^;^ (Aqj/p^ ) . Set R = M D 9^^(EndQj^{Af^^f^ )), 
which is an order in M. If a prime ideal p in Op belongs to Sp'"'*; i.e. ^<p[p] has nontrivial ¥ p-rational 
points, then p splits into two primes VV in R with V V. 

As in [2Tj, we make the convention that we choose V such that ^q3['P] is connected and v4q}['P] is etale. 

By the above lemma, we have an isomorphism AI^pFp = FpxFp, such that the first factor corresponds 
to V and the second factor corresponds to 'P. As M can be naturally embedded into M Fp, we have 
two embeddings from M to Fp , which correspond to the two factors of Fp x Fp. We always regard M as 
a subfield of Fp by the first embedding, while the second embedding is denoted by c : Af ^ Fp. 

Let i?(H) — R ®i ■ For a € , ^<p (o;) is a prime-to-S isogeny of Ac^ ^ , and hence induces an 
endomorphism of y*^")(yl(p). We still denote this endomorphism by 6<;p{a). Define a map p : i?^^ ^• 

G(Fj^(Hoo)) such that for each a G /5(a) is given by the formula: 77^'' o p{a) = 0^3(0;) o r]^K 

Fix a prime-to-S polarization Atp of ylsp as a representative of Aqj. Under the isomorphism ^qj, the 
Rosati involution associated to Atp on End^(A;p/fp) induces a positive involution on filed M. As M is 
CM, this involution must be the complex conjugation on M. Hence for any a S i?^^-), A^"'^ o 6*^3(0)* o Atp = 
6*^3(0;). Then d<;^{aY o Atp o 9<:p{a) ~ Atp o 6'tp(a) o 6'tp(a) = Atp o 6'tp(Q;a). Since aa G +' 
have 6'tp(Q;)* o Aqj o 6'tp(Q;) = Atp. So 6'tp(a) is an isogeny from the quadruple (^tp/f ^ , itp , Atp , Tyq^'' ) to 
(Atp/p^, ttp, Atp, 6'tp(Q;)(ryq^'')) — (Aqj/p^, tt:p, Atp,/5(Q;)(r7q^'')) in the sense of Definition 13.1) in other words, 
the automorphism g = p{a) of the Shimura variety Sh^^^_ — Sh^j^^_^ ^z^j VVh fixes the closed point Xp. 

Denote the formal scheme Sp/Wj, '"^ the completion of the Shimura variety Sh^^_ along the closed point 
Xp, and Vp : Sp/^r^ — >■ Sh^j^ is the natural morphism. As explained in Section 3, S'p/iVp is the product 
of two formal schemes and 5'"^^ , and if we fix an isomorphism Op = Tp(Aq3) for each p g S°'''^, 

then 5'°/^^ is isomorphic to XIpg^ordGm Op. By deformation theory, we have a Serre-Tate coordinate 
tp e Gm ®Zp O* for each p € S"''''. Then for each object TZ in the category CLj^/^, and an 7^- valued point 
X G SpijV), the Serre-Tate coordinate gives us an element tp[x) G Gm(7?.) Op = (1 + mn) Op, 
here m-R. is the maximal ideal of TZ. In particular, when 7?. is a subring of Cp, we can consider the p-adic 
logarithm logp : 7?, — >■ Cp. Consider the following map: 

;o<?p (g) /d : (1 + mK) O; ^ Cp®z^ O; Hom(C'p,Cp) J| Cp. 

cr:F— >Q,(T~p 

Here the notation cr ~ p means that the composite map ip o a : F — >■ Qp induces the prime p of F. 
For such a, let tTo- be the projection of Hg..^_^Q cr~p*Cp to its cr-factor. Then we get an element Ta{x) = 
tTct o (logp^ Id){tp{x)) G Cp. The association x G Sp{TZ) ^ t„{x) G Cp gives p-adic rigid analytic functions 
on the rigid analytic space (5'°''^)^^°" associated to 5'°''^. 
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Since the action of g — p{a) on the Shimura variety ShpJ^_ fixes the closed point Xp, this action also 

preserves the formal schemes 5'°'''' and 5'p , and hence g = p{a) acts on the function t„ for each cr ~ p, 
p G E°'''^. By [19] Lemma 3.3, the action oi g = p{a) on the Serre-Tate coordinate tp is given by the 
formula 5(ip) = ■ (See the explanation after Lemma [4. II for the two embeddings of M to Fp). Then 
by the construction of To-, we see that the action oi g — p{a) on the function is given by the formula: 
g{Ta-) = To- o p{a) = ip o a{a^~'^) ■ To-- We remark here that ip o a : F ^ Qp naturally extends to an 
embedding ip o a : Fp ^ Qp, and hence the expression ip o a{a^^'^) is well defined. As in ^21) . the function 
To- is called a p-eigen cr-coordinate. 

Now consider the original point x G Sh'-^^yVs), which is represented by the quadruple {A^i^_ , t^A, 77'"'). 
Assume that we have a prime p S E"'"'', such that the exact sequence of Barsotti-Tate Op-modules : 

^ O; ^ A[p°°] ^ Fp/Op ^ 

splits over over Wp. In this case, the Serre-Tate coordinate tp{x) for the prime p at the point x must be 
a p-th power root of unity (see [I] Section 7 or [22] Section 5.3.4 for a proof of this fact, although only 
the coordinate of an elliptic curve is discussed there, the same argument works in the higher dimension as 
well). Hence for the /5-eigen coordinate we have Ta-{x) = 1 for all ct ^ p. 

We can also regard x £ Sh'-"\yVs) as a Wp-rational point. Then x actually sits in the formal scheme 
^p/Wpy ill other words, if we regard a; as a morphism Spec(yVH) Sh^^\ then this morphism factors 
through Vp : Sp Sh^"\ 

Let (A^"''',t^"™,0^"*") be the universal object over Sp. Let TTp : A^"*" ^ Sp be the structure 
morphism and Cp : Sp A^"*" be the morphism corresponding to the identity element. Consider the 
sheaf Wp"™ — (7rp),(f2^„„i„yg; ) — e*{fl^^„i^^g ) over Sp/Wp, which has a natural ®i Oi^-module 
structure, and compatible with arbitrary base change. Set (0;^"*")®^ = w""" ®(Og 0zOf) w""". Then we 
have the Kodaira-Spencer map: 

We remark here that the Kodaira-Spencer map is Og ®z Oi^-linear and compatible with the g — p{a)- 
action on both sides. _ _ _ 

By the isomorphism Sp = S°'^'^ x S*" over Wp, we have the decomposition: ^1^ = (7r°'"'')*f2j„^dy^ © 

(7r")*f^s„/vi/p, where tt"'-'^ : Sp 3°'''^ and tt" : Sp 5^' are the natural projection. Since S^-"^ ^ 
Ilp(=j:ordGm ®ip Op, if we set Sp = &,„ (8)Zp O*, then we have /j^f^ = ®peT.''^<^{T^v)*^Sf/Wp^ where 
TTp : S°^'^ — >■ Sp is the natural projection. To express the (^-action on Vl^^^^ in a simple way, we base 
change this module to Kp, i.e. we consider rigo^d ®Wp Kp — ^§ord /jf = ®p£S°'''^^Sf,/K ' which is free 
of finite rank over [Sp'^'^) ■ Moreover, for each p € E°'''*, the set {dT^lT ~ p} forms a basis of the module 
Q,g 1^ over Sp, here t^-'s are the p-eigen coordinates constructed above. 

On the other hand, we consider the cotangent bundle (Wp"™)**^ ®Wp Kp = (cjp"™)®^, which has a 
natural Of ®i i^^p-module structure. By our construction of Kp, for any embedding cr : F Q, aiOp) 
is contained in i~^(Kp\ Hence we have the isomorphism Op ®i Kp = ^^.p^^Kp. By this isomorphism 
we can decompose the Op ®i .S^p-module (w™*")®^ as (5™*'')®^ ^ ®o:i=^^Q(Wp"™)®^'' such that on the 
bundle (w;;"^'')®2a. Op acts through the embedding a. 

Then by [33] section 1.0, for each p G E"'"'', the Kodaira-Spencer map induces an isomorphism 

(Wp ) ^ (TTp OTT ) n^jf^^. 
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under which the bundle ([5^"™)®2ct corresponds to the sub-bundle generated by dr^- Hence the action of 
g = p{q) preserves each ([5^"™)®2(t ^^^-^^ multiplying the scalar ip o CT(a^^^). Moreover, as we 

assume that Tcr{x) = for all ct p, g also preserves (2p"*")®^'^(a;). 
Now we can state the main result in this section: 

Theorem 3. Fix an embedding cji : _F — > Q, such that ipoai induces p. If there exists some prime I ^ p in 
such that the prime I induced from ii o <ji belongs to EJ"''', then we have an isomorphism of F- algebras: 
End^;^ ( Afp/^^ ) = End^(A£yp.J. Here Af^^p^ sits in the quadruple (A^yf^ , t£, A^, 77^"'') obtained by mod I 
reduction of the point x £ 5'/i^"^(Wh). 

Proof. Set uj — 7r»(f2^^~ ), which is naturally an O^®^ Ws-module. Again we set o;®^ = oj®^Q^^^y^_-^uj. 
The base change /Ch is an ©^^(Xjz/CH-module. By our construction of /Ch, we have an isomorphism: 

From this we have the decomposition: w®^ ®vv- ~ ®a:F~¥q'^^'^"- 

Since the formation of the cotangent sheaf w™*" over Sp is compatible with arbitrary base change, by 
the Cartesian diagram: 



Spec(i^p) — s- Sp, 

we see that ib®'^" Kp = {ujp™'^)®'^"{x). As g = p{a) acts on the Shimura variety Sh'^j— , g sends the 

bundle o;®^ ®yv- ^"^^ hence each factor o)®^'^ to the corresponding bundles over g{x). As g preserves 
(a;p"™)'^^'^(a;) for all cr ~ p, it also preserves w®^"'. In particular, g preserves w^^o-i^ 

As w^^rTi ^ (w«»™)«52<Ti(2;)^ g fllgo prcscrvcs the fiber of the bundle (;:^«™i')®2ai 

at the point xi and acts on it by multiplication by ii o ai{a). Hence g must act on the eigen coordinate 
'r<Ti,iix) by multiplying ii o ai{a), and 5 preserves the sub-bundle of ftg^^.^^ (x) generated by dTai,i{x). If g 

sends xi e Sh^^^iWi) to another point 7^ a;;, the action of g has to move the deformation space Si over xi 
to the deformation space 5; over x{ , where S'l is the completion of Sh'^J— along the closed point x'l . Then 
g induces an isomorphism of cotangent bundles g : flg^^^^^ (x) — >■ D,^,^^^ isi^)) ^-nd hence g cannot preserve 
any sub-bundle of S°J'^^ (x) , which is a contradiction. So g fixes the point xi , i.e. there exists a prime-to-S 

isogney O^ia) of A£,such that O^ict) ° V^^'^ — ° p(Q!)j hence establishes an isomorphism from the 
quadruple (A^/p^ , t£, A^, Tylr"*) to the quadruple (A^yf ^ , t£. As, ry^"'' o p(a)). The association a 1— >■ 6z(a) 
gives us an embedding M ^ 'End'^{A2/pJ. Since Find'^{AQ^pJ is also a CM quadratic extension of F by 
Lemma |4. 11 this embedding must be an isomorphism. Hence we get the desired isomorphism of i^-algebras. 

□ 



5 Main result on local indecomposability and applications 

Let fc be a number field. Suppose that we are given an abelian variety A/j, and an algebra homomorphism 
L : Op — >■ End(A/j,). Assume that there is a prime ideal ^ oi k over a rational prime p, such that A/^ 
satisfies the condition (NLL) in section 1. Let /qj be the inertia group of Gal(Q/A:) at the prime *p. Now 
we can state and prove the main theorem in this paper: 
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Theorem 4. Under the above notations and assumptions, suppose further that A^q — A/i^ X/^Q does not 
have complex multiplication, then for any p £ S°'^'*, the p-adic Tate module Tp{A) of A is indecomposable 
as an I<:p -module. 

Proof. From Proposition ll.il the abelian variety A^iq is isotypic. Hence without loss of generality, we can 
assume that A/q is simple. 

Fix an embedding cr : — > Q such that the composition iioa induces the prime p. From [21 Proposition 
7.1, the set 

{£|£ is a prime of k over a rational prime / 7^ p such that A/f^ has good reduction at £, and EJ""*^ 7^ 0} 

has Dirichlet density 1. On the other hand, the primes I in F which splits completely over Q also has 
Dirichlet density 1, we can find a prime £ of A: over a rational prime I such that: 

1. Z is unramified in F; 

2. A^f. has good reduction at £ and contains the prime [ induced by z; o cr and I splits over Q. 

Let ^£/fj be the reduction of A^^. at £, and set — Find^p{A^^fJ. By Lemma [4.11 is a quadratic 
CM extension of the field F. 

Now we use an argument in [21 Proposition 5.1 to prove the following statement: we can find a prime 
of fc over a rational prime q ^ p,l, such that 

1. A/k has good reduction at £}; 

2. S"*""* contains the prime induced by iq o cr; 

3. Mq = End'^plAQ^f^) is a CM quadratic extension of F which is non-isomorphic to M^. 

For simplicity, we use D to denote the division algebra End°(A/fc). Let Z be the center of D (which is 
a number field by Proposition II .2p . and Oz be its integer ring. Since we have a homomorphism F ^ D, 
and F is totally real, from Proposition 11.21 Z is totally real and either Z = F=:_Dor_Disa quaternion 
division algebra over Z and [F : Z] = 2. 

For any prime q of F, we fix an isomorphism Tq(A) = (Oi^^q)^, and denote by rq : Gal(Q/fc) — > 
GL2{Of,c\) as the induced Galois representation on Tq{A). Let q' be the prime of Z lying under q, and 
Zq be the completion of Z with respect to q'. Hence Zq can be identified with the closure of Z in 
Fq. By Tate's conjecture over a number field, which is proved by Faltings (see [8]), inside the algebra 
End^jrq(A)) = Endo2^(rq(A)) ®Oz.^ ^q, the algebra Cq = Zq[rq(Gal(Q/fc))] generated over Zq by the 
image of rq is the commutatant of = End°(A/j.)(8)2Zq. Since is either isomorphic to Zq or a central 
quaternion algebra over Zq, Cq is also a central simple algebra over Zq and in the Brauer group Br(Zq), 
the class of Dq is the inverse of the class of Cq. The order of the class of Cq in Br{Zq) is at most 2, and 
hence Cq is either isomorphic to a quaternion division algebra over Zq or isomorphic to M2(Zq). 

We consider the case q = L Since A^k has goode reduction at £, we can embed Mfj.i = (E)f Fi = 
Fi © Fi into C|. Hence Ci is isomorphic to AhiFi) — Af2(Z[). Under this assumption, we can apply an 
argument in [29] Chapter 4 to prove that the image Im(r) contains an open subgroup of SL2{'Zi) C . 

Choose a quadratic ramified extension K/Qi. Since F[/<Qi is unramified, K and Fi are linearly disjoint 
over Qi. Let L be the compositum field of K and Fi. Define the torus T/q^^ , of GL2/0F i the norm 1 
subgroup of i?eso^/c,p ,(Gm); i.e. 

T{OF,i) ^{x£ Ol\Normi^,F^{:x) = 1}. 

Hence T/q^ ^ is a maximal anisotropic torus of GL2/0F , • Since 

T{OF,i) n 5L2(Z0 = {x e Ol\NormK/(i,{x) = 1}, 
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T{Ofa) n SL2{'Zi) is a maximal anisotropic torus of GL2/Zr 

Choose a G T{Of,[) H Im(r) n SL2{Zi), such that a has two different eigenvalues in Qi. Then r(C'i?j) 
is the centralizer of a in GL2{Of,i)- Since the isomorphism classes of maximal torus in GL2/OFi 
finite, the isomorphism class of the centralizer of a is determined by a mod p', for some integer j large 
enough. In other word, if /3 S SL2{'^i), such that a = P mod p-', then the centralizer of /3 is isomorphic 
to Tq, = T. By Chebotarev density, we can find a prime of fc over a rational prime q p,l, such that 
A/k has good reduction at Q and r{FrohQ) = a mod p' . Hence the commutator Tr(^Frob^) of r{FrohQ) 
is isomrphic to T. Let Mq be the field generated over F by the eigenvalues of r{Frobci). By the above 
construction, I does not split in Mq, and hence Mq is not isomorphic to M^. Further by [21^ Proposition 
7.1, we can assume that Y,"^"^ contains the prime induce from ig o a. 

Now define a finite set of primes S = {p,q,l}. Hence the abelian variety A/^, can be extended to an 
abelian scheme ^/-py^, • From Proposition 12.61 replacing A /j. by an isogeny if necessary, we can assume 
that the abelian scheme A^^^^ admits an Oi^-action l : Of ^ -'^'^'^K^/vv^ ) ^^'^ ^ c-polarization (j) for 
some fractional ideal c of F. Then by choosing a integral level structure a" of A, we get a quadruple 
{A^y^^,L,tf>,a^), which represents a point in the Shimura variety x € S'/i*-"^(Wfc). 

Now assume that the Tate module Tp(A) is decomposable as an /<p-module. Then the exact sequence 
of Barsotti-Tate Op -modules over Wp-. 

^ fip^ Op ^ A[p°^] ^ Fp/Op ^ 

splits. Then by Theorem [31 we must have isomorphisms of -F-algebras: Mq = End^(AQ/p^) and 
= End^p{A2/f^)- But this contradicts with our construction Mq ^ Mq. Hence Tp{A) must be 
indecomposable as an /qj-module. □ 



5.1 Application to Hilbert modular Galois represenations 

As the first application of Theorem 21 we study the Galois representation attached to certain Hilbert 
modular forms. First we recall the notions of Hilbert modular forms and Hecke operators. 

Let I = HomQ(F, Q), and let Z[I] be the set of formal Z-linear combinations of elements in I. Then Z[I] 
can be identified with the character group X{T) of the torus T. Take k = {k„)„^i such that k„ > 2 for all 
(T € I and all the fc^'s have the same parity. Set i = (1, . . . , 1) G Z[I] and n = k — 2t. Choose v = {v„)„(zi 
such that v„ > 0, for all a, v^- — for at least one cr, and there exists /i G Z such that n + 2v = fit Cz Z[I]. 
Then define w = v + k — t. 

Recall that in Section 3 we define the algebraic group G — ResQ^/i{GL2) and T — ResQp/i{Gm)- 
Denote hy v : G ^ T the reduced norm morphism. Fix an open subgroup U of G(Z) = GL2{Of) where 
Of — Of ~ HpO^.p- In the last product, p ranges over all the prime ideals of Of and Of,p is the 

completion of Of at p. Let Fa = (gJz A be the adele ring of F. We can decompose the group G{Fa) 
as the product Goo x G/, where Goo (resp. G/) is the infinite (resp. finite) part of G(Fa), and for each 
u G G(Fa), we have the corresponding decomposition u = UooUf- 

Let t) be the complex upper half plane and i = V—T G i). Let f)^ be the product of d copies of [} indexed 
by elements in I and zq — {i, . . . ,i) £ f)^. Define a function j : Goo x [)^ by the formula: 

Definition 5.1. Define the space of Hilbert modular cusp forms Sk,uj{U;€l) as the set of functions f : 
G(-Fa) ^ C satisfying the following conditions: 

1- f\k,wU = f, for all u G UCao+ where Coo+ = (K^ • 502(R))^ Q Goo, and 

f\k,wU{x) = j{Uoo, Zo)~''v{Uao)'" f{xU^^); 
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2. f{ax) = f{x) for all a € G{Q) = GL2{F); 

3. For any x G Gj, the function /a; C defined by UooC-^o) '-^ j {uoo ^ zo)''v{uao)~^ f{xu^) for 
Uao € Goo is holomorphic; 

4. Jp^/p ( (0 1^ ~ ^ •/"'^'^ ^ ^ G{Fa) and additive Haar measure da on Fa/F. 

When F = Q, we also add the following condition: the function |Im(^)''/^/a:(2;)| is uniformly bounded on 
1} for allxG Gf = GL2(kj). 

Fix an integral ideal m of F, we define three open subgroups of GL2{Of): 

Uo{m) = I e GL2{dF)\c e mdp^ , 

Ui{m) = I ^) e GL2{dF)\c e mdp, a = 1 mod mdp^ , 

(7(m) = |(^" e GL2{dF)\c & mdF,a = d = 1 mod mdp^ , 

and set 5'fc,^(m,C) = Sk,w{Ui{m),C). 

Let U, U' be two open compact subgroups of G/ and fix a; € G/. Define a Hecke operator 

[UxW] : Sk,UU;C) ^ 5fc,«,(«7';C),/ ^ ^/Ifc.^a;^, 

i 

where {xi} is a set of representatives of the left coscts U\UxU'; i.e., we have UxU' = ]J Uxi and when we 
consider the action f\k,wXi, we regard Xi G G/ as an element in G{Fp^) such that its infinite part consists 
of d copies of identity matrices. For all prime ideal q of F, fix a uniformizer TTq of Fq , and define the Hecke 
operator 



:5fe,^(C/;C)^5fc,^([/;C), 



where e F^^ is the finite idele whose q-component is TTq and all the other components are 1. For each 
fractional ideal n of F, set a = HqTTq"^"^ e F^^, and define the Hecke operator 



(n) 



^'0 > 



Let / S Sk.w{'<^, C) be a normalized Hilbert modular eigenform in the sense that for any prime ideal q 
of F, there exists c(q, /) e Q and d(q, /) € Q such that T(q)(/) c(q, /) • / and (q)(/) = d{q, f) ■ f. Let 
Kf be the field generated over Q by all the c(a, /)'s and d(a, /)'s. Shimura proved that Kf is a number 
field which is either totally real or CM. Denote by Oj the integer ring of Kf. 

For such an /, let TT/ = (S)tTv be the automorphic representation of GL2 (Fa/ ) on the linear span of all the 
right translations of / by elements of GZ/2(-Pa/), here Fa^ is the finite adele of F,and tt^ is a representation 
of GL2{Fy) for each finite place v of F. We assume that one of the following two statements holds: 

1. [F : Q] is odd; 

2. there exists some finite place v oi F such that Wy is square integrable. 
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For such an eigenform /, the fohowing resuh is known (see [TH] Theorem 2.43 for details and historical 
remarks). For each prime X of Of over a rational prime p, there is a continuous representation pf^x : 
Gal(Q/F) — > GL2{Of^\), which is unramified outside primes dividing mp such that for any primes q \ mp, 
we have: 

trace(p/,A(i^?-o6q)) = c(q, /), and det{pf^x{Frob^ j) = d{q, f)Nq. 

Here O/^a is the completion of O/ at A, Froh,^ is the Frobenius of Gal(Q/i^) at q,and for any ideal b of 
Of, Nb is the cardinality number of the ring Op/b. 

Fix a prime p of Cf over a rational prime p, let Dp(resp. /p) be the decomposition group (resp. inertia 
group) of Gal(Q/i^) at p. Let A be a prime of Of over p. From [31] Lemma 2.1.5, if c(p, /) is a unit mod 
A, then the restriction of pf^\ to Dp is upper triangular, i.e. there exist two characters ei,e2 of Dp, such 
that 

We would like to prove the following: 

Theorem 5. Under the above notations, suppose that k — 2t and f is nearly p-ordinary in the sense 
that c(p,/) is a unit mod A. // / does not have complex multiplication, then the representation Pf.xli^ is 
indecomposable. 

Proof. As the Hecke operator T(p) acts nontrivially on /, from \16\ Corollary 2.2, the local representation 
TTp of GL2{Fp) is either a principal representation 7r(^p,?7p) or a special representation cr(^p,77p). From 
the argument in [TF* Section 2, we can find a finite character x ■ Fa /-^^ {Fa is the adele ring of 

F) such that the p-component of x satisfies xp = ?p on O^p and unramified at every infinite place of F. 
Then the argument in |T6j Section 2 implies that the automorphic representation x (8" tt corresponds to 
a primitive p-ordinary newform /q. If we regard the representations pf^\ and Pfg,x as representations in 
GL2(Qp), then they are related by the formula p/,A <8) x~^ = P/o,a- It is enough to prove the statement 
for the newform fo and henceforth we assume that the Hilbert modular form / is a primitive p-ordinary 
newform with character ^ for some idele class character ip of F with finite order. 

From jlJJ Theorem 4.4 or [33] Theorem 2.1, there exists an abelian variety Af defined over F , a 
finite extension L/Kf whose degree equals to the dimension of Af and an embedding 9 : L End{Af /p) 
such that the A-adic representation associated to the Tate module of Af is isomorphic to Pf.x- Moreover 
the number field L is either totally real or CM. To be more precise, there exists an integer e such that 
dim{Affp) — e[Kf : Q]. When [F : Q] is odd, e = 1 and there is nothing to explain in this situation. 
When [F : Q] is even, e can be bigger than 1, and a priori the p-adic Tate module of Af^p gives us a 
representation of Gal(Q/F) in GL2{Lx), where Lx is a finite extension of i^/,A- Since this representation 
is odd, by choosing suitable eigenvectors of a complex conjugation c e Gal(Q/F) as basis for Tp{Af), we 
can realize this representation in GL2{K f,x). (See [34^ Section 2.1 for details.) 

As c(p,A) is a unit mod A, the abelian variety Af has potentially semistable reduction at p by the 
lemma in |33| Section 2. More precisely, if we denote by F^ the number field corresponding to the character 
ip by class field theory, then Af has semistable reduction over F^. In fact, choose a prime A' of Of over 
a rational prime I ^ p and consider the A'-adic representation p/,a'- When p does not divide the level m, 
the abelian variety Af has good reduction at p because the representation pf x' is unramified at p. If p 
divides m, one can consider the complex representation dp of the local Weil-Deligne group Wp^ of F at p 
associated to pf^x' (see [31j). Then by a result of Carayol [4 , we have an isomorphism 7r((Tp) = TTp, where 
7r(tTp) is the representation of GL2{Fp) associated to Cp under the local Langlands correspondence. In 
particular, the Euler factor L(7rp,s) of the L-series at p is given by (1 — c(p, /)7Vp~*)"^. As c(p,/) ^ 
by assumption, L(7rp,s) is nontrivial. Hence TTp is either a special representation (T{ap,f3p) or a principal 
series representation 7r(Q;p,/?p), where ap,/3p are two quasi-characters of F^ . In the first case, from 
[33j Theorem 2.2, the reduction of A/ at p is purely multiplicative. From the uniformization result in 
[?7] . /0/,A|/pnGai(Q/F^) is indccomposablc. As Ip D Gal(Q/F^) is a subgroup of Ip with finite index, and 
char(Kf) — 0, the representation Pf^x\ip is also indecomposable. In the second case, as the Euler factor 
L(7rp,s) 1, one of the quasi-characters ap,/3p is unramified. By comparing the determinant of the two 
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representations TTp and Up, we see that the product V'p'^ctp/^p is unramified, where V'p is the p-component 
of the idele class character ip. Hence over F^, both quasi-characters and /3p are unramified. Then from 
the criterion of Neron-Ogg-Shafarevich, the abelian variety Af has good reduction over at p. 

From now on we assume that Af has good reduction over F^. From Proposition II .21 we see that ^^/q 
is isotypic; i.e. there exists a simple abelian variety B^q such that there exists an isogeny tp : Af ^ B"^ 
for some integer e > 1. This isogeny induces an isomorphism of simple algebras i : End*^(ylyyQ) — 
End°((B/Q)^). Hence we have an embedding 6b ~ i° : L ^ End°((i3/Q)'^). 

From Proposition II .41 we can find a totally real field Fb and a homomorphism lb '■ Fb — > End'^(i3/Q), 
such that [Fb ■ Q] = dim{B/Q). Let Z be the center of the division algebra End°(i?/Q). From the proof 
of Proposition II. 41 if we identify Fb as a subalgebra of End''(i3/Q) by lb, then Z C Fb and [Fb : Z] <2. 

If [Fb : Z] ~ 1, we have Fb = Z and hence Fb C 9b{L). Since both Af and B are projective varieties, 
we can find a finite extension M of F^ such that 

1. the abelian variety B is defined over M; 

2. we have the equalities of endomorphism algebras: End(j4yyQ) = End(j4y/^f) and End(i?yQ) = 
End(S/M). 

3. the isogeny </? is defined over M . 

Under the above notations, the isogeny ip gives an isomorphism of p-adic Tate modules Tp[B) L = 
Tp(A), which is equivariant under the action of the Galois group Gal(Q/M). 

If [Fb : Z] = 2, Fb may not contained in the image 9b{L). In this case, we can find a quadratic exten- 
sion K/L such that Fb can be embedded into K. As the homomorphism 9 : L ^ YiwdP {Af /q) identifies 
L with a maximal commutative subfield of the simple algebra End°(Aj/Q), we can extend this homomor- 
phism to a homomorphism 9' : K ^ End*'(A^^Q), which identifies K with a maximal commutative subfield 
of End"(A2^Q). Similarly we can extend the homomorphism 9b to a homomorphism 9'b ■ K End'^(i?y|j). 
Since ^j/q is isogeneous to the simple algebras End°(Aj^Q) and End°(i3^^) are isomorphic. Since 
all automorphisms of a simple algebra are inner, by choosing a suitable isogeny from ^^yQ to -B^^, we 
have an isomorphism i' : End°{Aj^q) = End°(B2?), such that i' o 9' ^ 9'g : K 9i End"(B2|). 

By the same argument as above, we can find a finite extension M/ F^ such that we have an isomorphism 
of p-adic Tate modules: Tp{B)®FB K = Tp{Af)(E)LK, which is equivariant under the action of Gal(Q/M). 

As BJj^.j is isogenous to Af /m , B /m has good reduction at a prime p' of A'l over the prime p of 
F. By Theorem m for any place Xb of Fb such that the As-divisible Barsotti-Tate module of -B/j\/ is 
ordinary, the corresponding A^-adic Tate module is indecomposable as a Gal(Q/Af) n /p-module. By the 
above isomorphism of Tate modules, we see that Pf,\\Gai{(}/M)nip is indecomposable. Since Gal(Q/M) fl 
Ip is a subgroup of Ip with finite index, and char{Kf) ~ 0, the representation pf_\\i^ must be also 
indecomposable. □ 

From Theorem [5l we can prove a result on local indecomposability of A-adic Galois representations. 
First we briefiy recall the definition of ordinary Hecke algebras defined in [M] Section 3. 

Let <& be the Galois closure of F in Q. The embedding ?p : Q — ^ Qp induces a p-adic valuation on $ and 
we denote by 0$ the valuation ring. Let K he a, finite extension of the p-adic closure of $ in Qp, and Ok 
be the valuation ring of K. Let Foo/F be the maximal abelian extension of F unramified outside p and 
oo, and Z be its Galois group. Let Zi be the torsion free part of Z. Let A = Ok[[Zi]] be the continuous 
group algebra of Zi over Ok- Then A is (noncanonically) isomorphic to the formal power series ring of 
1+6 variables over Ok, where 6 is the defect in Leopoldt's conjecture. Let x ■ Gal(Q/F) — > be the 
cyclotomic character. The restriction of x to Z\ gives a character of Zi, which is still denoted by x- For 
any integer k > 2 and a finite order character e : Zi — Qp. The character ex*^"^ : — Qp gives a 
homomorphism Kk,e ■ A Qp. 
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For any two open compact subgroups U' of G / and x £ G f , we have the modified Hecke operator 
defined in [14 Section 3: 

(UxU'):SkAU;<C)^ SkAU'\'C). 

For each prime ideal q of F, set 

To(q) - [u (^J : 5fc,^((7;C) ^ 5fe^^([/;C), 

where /?q is the same as in the definition of r(q). 

Fix an integral ideal n of which is prime to p, and for each integer a > 1, set Sk,w{np°';C) — 
Sk,w{Ui{nr]U{p")); C). Define the Hecke algebra /n;^^(np"; 0$) as the O^-subalgebraof Endc(5'fc,^(np"; C)) 
generated by all the To(q)'s over 0$ and define /ifc^u,(np"; Ok) = hk.w{np";Ois,)(^o^C>K- Inside /ife^tt,(np"; O/f) 
we have the p-adic ordinary projector Ca — lim,n.oo 2o(p)"' and we have the ordinary Hecke algebra 
h1^^{np";OK) = eQ/ifc,tu(np"; Cif). For /3 > a > 0, we have a natural surjective Oj^-algebra homomor- 
phism /i°y^(np'3;OA') ^ /i^y^(np"; O^), and we define 

Form [H] Theorem 3.3, the ordinary Hecke algebra h'l^^{np°°;OK) is a torsion free A-module of finite 
type, and the isomorphism class of h'^'^{np°° ] O k) as an O^-algebra only depends on the class of v in 
Z[I]/Zi, and hence we denote this algebra by h°^'^[np°°-,OK)- 

Now set h — h'^^'''{np°°;OK)- Fix Spec(AL) — ^ Spec(h) a (reduced) irreducible component of h and 
let : h — > be the corresponding homomorphism. Then A^ is finite free over A, and the quotient 
field L of Ai is a finite extension of the quotient field of A. Let P be a Qp-valued point of A^, and let 
ifp : Al ^ Qp be the corresponding homomorphism. The point P is called an arithmetic point if ipp is 
an extension of Kk,e for some k and e. If P is an arithmetic point, then the composition ipp o : h — > Qp 
gives the Hecke eigenvalues of a classical Hilbert modular form / of weight k and tame level n. We also 
say that the Hilbert modular form / corresponds to P, and / belongs to the family JF. We say that J- 
has complex multiplication if there exists an arithmetic point P in J^, such that the corresponding Hilbert 
modular form has complex multiplication. Once this is the case, then for all arithmetic point in the 
corresponding Hilbert modular form also has complex multiplication. 

It's well known that there is a 2-dimensional Galois representation pjr : Gal(Q/F) — > GL2{L) attached 
to such that for each prime p of F over p, the restriction of pjr to the decomposition Dp is upper 
triangula;i.e. pj^lo^ is of the shape: 

-i--(o' ::)■ 

here 5p , ep : Dp — > A^ are two characters of Dp . 

Theorem 6. Suppose that J- does not have complex multiplication, and T has an arithmetic point P which 
corresponds to a weight 2 Hilbert modular form satisfying the condition required in Theorem\^ Then there 
exists a proper closed subscheme S o/Spec(Ai) such that for all arithmetic points P o/Spec(Ai) outside 
S which corresponds to a classical form f , the representation Pf lop is indecomposable, where Pf is the 
Galois representation attached to f . In particular, when Leopoldt conjecture holds for F and p, then for 
all but finitely many classical forms f belonging to T , the representation /3/|_Dp is indecomposable. 

The proof follows essentially from the argument in [11] Theorem 18. For the sake of completeness, we 
give a proof here. 

Proof. By the assumption and Theorem [5l the representation (pp o pjt I Dp is indecomposable. Hence pjr 
is indecomposable either. Define Cp = Ep^ • Up : Dp — !• A^. Then it's easy to check that cjr satisfies the 
cocycle condition and pj^|_Dp is indecomposable if and only if the class [cp] of Cp in Fl^(Dp, ALibpSp^)) is 
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nontrivial. Since is finite over A, the residue field of A^, is finite and let q be its order. Let Ei be the 
compositum of the finitely many tamely ramified abelian extension of Fp whose order divides 9 — 1, and 
E2 be the maximal abelian pro-p-extension of Fp . Denote by E the compositum field of Ei and E2 and 
set H — Ga,l{Qp/ E) C Dp. Then the characters Sp and Ep are trivial when restricted to H. Hence the 
restriction of pjr to H is of the shape: 

for some (additive) homomorphism A : — > Al- From 1111 Lemma 19, the restriction 

H\Dp,AL{Spep')) ^ H\H,AL{Spep')) 

is injective. Since [cp] is nontrivial in H^{Dp, AL{Spep^)), the homomorphism A : i? — > A^ is nontrivial. 
Let / be the ideal of A^ generated by X{H). Then / is nonzero and / defines a proper closed subscheme 
S of Spec(Ai). If / is a classical Hilbert modular form in F, then is decomposable if and only if / 
corresponds an arithmetic point in S. Hence for any arithmetic point P of F outside 5*, which corresponds 
to the modular form /, the representation p/|//, and hence p/lcp is indecomposable. □ 

Now we consider the nearly ordinary case. Let 

Of^p = \im Of /p"" Of 

be the p-adic completion of Of at p, and Uf he the torsion free part of Op^ 
let A' — Ok[[^]] be the continuous group algebra. For any finite character e 
character 

T^ZixUf^Q;, (a, d) ^ x{ar<fe({a, d)), 

which induces a homomorphism Kn,v,e ■ A' — >■ Qp. 

We briefly recall the definition of nearly ordinary Hecke algebras defined in [15 Section 1. For any a > 1, 
set Ua = Ui{n) n U{p"), and let ]hfc^tu(np"; 0$) be the O^-subalgebra of Endc(5'fe.t„(np"; C)) generated 
by all the Hecke operators (UaxUa) for x e Uo{np") over 0$. Set ]hfe^t„(np"; O^) = Ihfe,u,(n.p"; 0$) (g)©^ 
Ok- Applying the ordinary projector Cq we get the nearly ordinary Hecke algebra ]h^-^'"^(np"; O^), 
and by taking limit, we have the Hecke algebra h.'^-!j^'^{np°°;OK)- From |,15: Theorem 2.3, the Hecke 
algebra ]h5J °'''^(np°°; O^) are all isomorphic to each other for all pair {k,w) as OK-algebras and denote 
this algebra by h.^ °^'^{np°°;OK), which is a torsion free A'-module of finite type. Let Spec(A^) be an 
irreducible component of Spec(]h" °'"''(np°°; Ok)) and let F : h.'^ °^'^{np°°;OK) — >■ A^ be the corresponding 
homomorphism. We know that A^ is free of finite rank over A'. A Qp-rational point P S Spec(A^)(Qp) is 
called an arithmetic point if the corresponding homomorphism ipp extends Kn^v,e for some n,v. For such 
an arithmetic point, the composition ipp o [F) gives the eigenvalues of a Hilbert modular form of weight 
{k, w) and tame level tn. 

For such an F, we have a two dimensional Galois representation pjr : Gal(Q/Q) — )• GL2{A'^) such that 
for any prime p of _F over p, the restriction pj^\Df is upper triangular. Similarly with TheoremlHl we have 
the following result: 

Theorem 7. Suppose that F does not have complex multiplication, and F has an arithmetic point P which 
corresponds to a (parallel) weight 2 Hilbert modular form satisfying the condition required in Theorem\^ 
Then there exists a proper closed subscheme S o/Spec(A'^) such that for all arithmetic points P o/Spec(A^) 
outside S which corresponds to a classical form f, the representation p/lcp is indecomposable, where pf 
is the Galois representation associated to f . 



. Then set T ^ Zi x Up and 
: r — ^ Qp , we have another 
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5.2 Application to a problem of Coleman 

In the rest of this paper, we work with elhptic modular forms. Let p > 3 be a prime number and be a 
positive number prime to p. For each integer k we use M^(ri(Af)) (resp. S'liJ^i^N))) to denote the space 
of overconvergent p-adic modular forms (resp. cuspforms) of level N over Cp (see [24] for the definitions). 
In [S] Proposition 6.3, Coleman proved that there is a linear map 9''^'^ : Ml_^.{Tl{N)) Ml{ri{N)) 
such that the effect of O'^^^ on the g-expansions is given by the differential operator ('Z^)'^~^- Also there 

is an operator U on M^(ri(A^)) such that if F{q) = I]„>oa„(7" is an overconvergent modular form, then 
U{F){q) = I]„>oap„(7". Recall that if F is a generalized eigenvector for U with eigenvalue A in the sense 
that there exists some n > 1 such that {U — A)"(F) = 0, then the p-adic valuation of A is called the slope 
of F. From [5] Lemma 6.3, if / G Sl{Ti{N)) is a normalized classical eigenform of slope strictly smaller 
than fc — 1, then / cannot be in the image of 0'^"^. On the other hand, a classical eigenform cannot have 
slope larger than fc — 1. Then it remains to consider the remaining boundary case; i.e. overconvergent 
modular forms of slope one less than the weight. In [5] Proposition 7.1, Coleman proved that for k > 2, 
every classical CM cuspidal eigenform of weight k and slope fc — 1 is in the image of 6''^^. Then he asked 
whether there is non-CM classical cusp forms in the image of 0*^"^. Since the only possible slope for new 
forms of weight fc is | — 1 (see [5^ Section 4), it's enough to consider old forms. 

Let g — E„>ia„g" be a classical normalized eigenform of level N and weight fc > 2. Denote by 
Kg = Q(a„|?i = 1,2,...) the Hecke field of g, which is known to be a number field. For each prime p of 
Kg over the rational prime p, it induces an embedding ip : Kg — >■ Qp and let Vp be the corresponding 
valuation on Kg. Then we can regard 5 as a modular form over Qp by ip. As explained in ^ Section 4, 
one can attach to g two oldforms on ri(iV) n Tq{p) whose slopes add up to fc — 1. When the eigenform g 
is p-ordinary; i.e. Wp(ap) = 1, one of the associated oldforms has slope and the other has slope fc — 1 . 
We denote the latter oldform by /. What we can prove is the following: 

Proposition 5.2. Let g be a weight two normalized classical cusp eigenform on ri(A^) with the Hecke 
field Kg. Suppose that there exists a prime p of Kg over the rational prime p such that g is p-ordinary, 
and the associated slope one oldform f is in the image of the operator 9 . Then g is a CM eigenform. 

Proof. Let pg^p : Gal(Q/Q) — )• GL2{Kg,p) be the p-adic Galois representation attached to g. As explained 
in [7] Proposition 1.2 or [10] Proposition 11, when / is in the image of 9, the restriction of pg,p to an 
inertia group Ip of Gal(Q/Q) at p splits as the direct sum of the trivial character and the character Xp, 
where Xp is the p-adic cyclotomic character. Then from Theorem (3] the eigenform g must have complex 
multiplication. □ 

Remark 5.3. In [^ Theorem 1.3, Emerton proved that if the assumption in the above proposition is true 
for all primes p of Kg over p, then g is a CM eigenform. Hence the above proposition can be regarded as 
an improvement of his theorem. Also in [TU] Section 6, Ghate discussed the case when p divides the level 
TV. In this case he explained that one can also attach to the eigenform g a primitive form / with the same 
weight and level as g. Then he proved that / is in the image of 9 if and only if the restriction of pg^p to 
the inertia group Ip splits (we need to emphasize here that Ghate's argument works for all weights, but 
we restrict ourselves to the weight two case where Theorem [5] is applicable) . Hence the result in Theorem 
[S] also applies and the above proposition still holds in this case. 
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